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Abstract

This paper presents a fully anisotropic analysis of strip electric saturation model proposed by Gao et al. (1997)
(Gao, H.J., Zhang, T.Y., Tong, P., 1997. Local and global energy release rates for an electrically yielded crack in a
piezoelectric ceramic. J. Mech. Phys. Solids, 45, 491-510) for piezoelectric materials. The relationship between the
size of the strip saturation zone ahead of a crack tip and the applied electric displacement field is established. It is
revealed that the critical fracture stresses for a crack perpendicular to the poling axis is linearly decreased with the
increase of the positive applied electric field and increases linearly with the increase of the negative applied electric
field. For a crack parallel to the poling axis, the failure stress is not effected by the parallel applied electric field. In
order to analyse the existed experimental results, the stress fields ahead of the tip of an elliptic notch in an infinite
piezoelectric solid are calculated. The critical maximum stress criterion is adopted for determining the fracture
stresses under different remote electric displacement fields. The present analysis indicates that the crack initiation
and propagation from the tip of a sharp elliptic notch could be aided or impeded by an electric displacement field
depending on the field direction. The fracture stress predicted by the present analysis is consistent with the
experimental data given by Park and Sun (1995) (Park, S., Sun, C.T., 1995. Fracture criteria for piezoelectric
materials. J. Am. Ceram. Soc 78, 1475-1480). © 2000 Elsevier Science Ltd. All rights reserved.
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1. Introduction

Piezoelectric materials have been extensively used in smart devices as sensors and actuators. The
combined mechanical and electrical loads give rise to sufficiently high stresses in these devices which
result in catastrophic failure. The fracture mechanics of piezoelectric materials have attracted many
theoretical studies (Parton, 1976; Deeg, 1980; Pak and Herrmann, 1986; McMeeking, 1989; Pak, 1990;
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Sosa, 1992; Suo et al., 1992; Suo, 1993; Zhang and Hack, 1992; Yang and Suo, 1994; Dunn, 1994;
Zhang and Tong, 1996 among others). But there are remarkable discrepancies between theory and
experiments (see Pak and Tobin, 1993; Park and Sun, 1995; Kumar and Singh, 1996). The theoretical
studies (Pak and Tobin, 1993) have shown that the applied electric field should inhibit crack
propagation irrespective of its sign. Park and Sun (1995) measured the failure stresses of cracks
perpendicular to the poling axis in compact tension and three point bend specimens made of PZT-4
ceramics and found that the failure stresses are decreased with the increase of the positive applied
electric field (in the same direction as the poling axis) and increased with the increase of the applied
negative electric field. They argued that the fracture process of ceramic materials is a pure mechanical
process and should be controlled only by the mechanical part of the energy release rate.

A strip electric saturation model has been proposed by Gao et al. (1997) in order to explain the effects
of the applied electric field on the failure stress of piezoelectric materials. This model can be considered
as a generalization of the classical Dugdale model in fracture mechanics. They thought the piezoelectric
ceramics such as lead zirconate titanate (PZT) and barium titanate (BaTiO3) can be considered as brittle
materials and plastic yielding is rather difficult for theses materials. But theses materials are electrically
more ductile. The plastic yielding zone ahead of the crack tip is much smaller than the electric
saturation zone. Hence one should take into account the effects of the electric saturation and neglect the
effects of the plastic yielding. Gao et al. (1997) found that the local energy release rate gives reasonable
prediction which broadly agrees well with the experimental results. But the analysis given by Gao et al.
(1997) is based on a simplified electroelasticity formulation.

A fully anisotropic analysis of the strip electric saturation model for piezoelectric materials is
presented in this paper. The complete coupling between the mechanical and electrical behaviors is taken
into account. The relationship between the size of the strip saturation zone ahead of a crack tip and the
applied electric field is established. It is revealed that the critical fracture stresses for a crack
perpendicular to the poling axis is linearly decreased with the increase of the positive applied electric
field and increases linearly with the increase of the negative applied electric field. For a crack parallel to
the poling axis, the failure stress is not effected by the parallel applied electric field.

2. Basic formulas

The constitutive equations for piezoelectric materials are

0ij = Cijkl Vg — €kijEr

D; = ey + i Ex (1)

where gy, 7; are the stress tensor and strain tensor respectively. D;, E; are the electric displacement and
electric field, respectively, cju, e, and ¢; are the elastic, piezoelectric and dielectric constants,
respectively. The mechanical and electrical equilibrium equations take the form

;.0 =0

D, ;=0 2

Strain y;;, electric field E; can be expressed as
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1
Vi = 5 (Ui + )

Ei=—¢, 3)

where u; is displacement, and ¢ is the electric potential.
Substituting Egs. (1) and (3) into Eq. (2), one obtain

(ckr + eiyp) = 0

(eikluk - 8il¢),/i= 0 (4)
Consider two-dimensional problem, the general solution can be expressed by complex potential

{ui, ¢} = afllix + Loy) (5)
where a is a four-component column. {; = 1, {, = p, Substituting Eq. (5) into Eq. (4), it follows

(Cotjkﬁak + eaﬁj‘h)éaé[} =0

(Copk i — €xpa4)C,Lp =0 (6)

where o, § take on the values 1 and 2. j, k have the values 1, 2 and 3. This is an eigen problem for
column a. Suo et al. (1992) have shown that the eigenequation of this problem has eight complex roots
form four conjugate pairs. Let py, ps, p3, ps be the four roots with positive imaginary part. We have

4
{ui ¢} =2Re "axfx(zx) (7)
K=1

where zg = x + pgy.
For the stress and electric displacement components, one obtains

4
{02, Dy} =2Re Y "bfi(zk)

=1

4
{01/, D1} = —2Re Y bipxfi(zx) ®)
K=1

Column b has the components

bj = (coj1ak + ejas) + (Cojaak + €xjaa)p ©

by = (eaikar — e21a4) + (exkax — €204)P, (10)
Introducing 4 x 4 matrices A and B
A =[a1,az,a3,a4], B =[b1,b2, b3,b4] (11)

Define a function vector f(z) of a single variable
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) = {11(2), /2(2), f3(2), fa(2) } (12)
Then the generalized displacement and the traction on the real axis can be expressed as

U(x) = {u;, ¢} = Af (x) + Af(x) (13)

1(x) = {0, D2} = Bf'(x) + Bf (x) (14)

3. Strip electric saturation model
3.1. Mechanics analysis

Fig. 1 shows a finite crack of length 2« in an infinite piezoelectric plate subjected to remote stresses
057, 055 and electric displacements D{°, D5° loadings. The crack lies on the x-axis. Ahead of the crack
tip, there is a strip electric saturation zone. On the crack faces, the generalized traction should vanish

02=0, 11=0, 123=0, D=0, [x|<a (15)
In the strip electric saturation zone, we have
u?’:ui_, 0;:0'2_1., Dy =D;, a<|x|<c (16)

The homogeneous fields produced by the applied mechanical and electrical fields are

o0 o0
o1 =07, 0n =05, Ti2="1T3=13=0, (17)

Dy =Dy, Dy=DY (18)

The inhomogeneous fields induced by the crack should satisfy the following boundary conditions on the
crack faces

fx)y=t(x)=-T, |x|<a (19)

T = {0, 635, 0, DY} (20)

On the strip electric saturation zone, we have

£r(x) =t (x) (1)
(N
—
Y, Xs(pole) —> 0} DX
—>
— -a a c X, Xi

Fig. 1. An electric saturation crack perpendicular to the poling axis.
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ut =u-, a<|x|<e, i=1,273 (22)

1 1

DY =Dy = D;— DY (23)
The continuity of #(x) on the whole real axis implies that

Bf *(x)+Bf ~(x)=Bf ~(x)+Bf *(x), —o00<x < +4oo.
From above equation, Suo et al. (1992) have shown that

h(z)=Bf'(z) =B f'(2) (24)

where f(z) is the complex function vector of the inhomogeneous field. This complex function vector k(z)
should satisfy the boundary condition (19) along the crack faces,

K (x)+h (x)=-T, |x|<a (25)
On the other hand, we have
i6'(x) = HBf ""(x) — HBf '~ (x) (26)

where 8'(x) = {uj —u;, uf —uy, ul —uy, §* — ¢~} is the generalized opening displacement. H is a real
matrix

H =2ReliAB'} (27)
Introduce a new complex function vector
g(z) =HBf'(2) (28)

From Eq. (22), one can see that the component functions gi(z), i = 1, 2, 3 are holomorphic in whole z
plane with a cut (—a, @). The component function g4(z) is a holomorphic function in whole z plane with
a cut (—c, ¢). From Eq. (28), one obtains

h(z) = H 'g(z) = Ag(2) (29)
where
A=H" (30)

Eq. (25) can be represented in its component form,

Au(gf () + g0 (%) + Aul(gf () + g4 (x)) = =T, i=1,2,3,|x|<a (31)

Age(gE () + g0 () + Aaa(gf () + g5 (x)) = T4, x| <a (32)
Eliminating g (x) + g; (x) from Egs. (31) and (32), one obtains

A (&E ) + g () = =T}, Ixl <a (33)
where

A = Ay — AigAgy ] Asa,
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T =T, — Tyli/Aas, k=123 (34)
Eq. (33) can be rewritten in vector form as,

AT (x)+ A*g" (x) =-T*, |x|<a (35)
where A* is 3 x 3 matrix, the elements are A™. g*, T* are two three-component columns.

g'(2) = {21(2), £2(2), 83(2) } (36)

T* = (T3. T3, T3) (37)

Obviously the function vector g*(z) is holomorphic in whole z plane except cut L. From Eq. (35), one
obtains

A'g"(2) =Tf4(2) (38)

, 1 z
fo(2)=§{22—_az—1} (39)
From Egs. (23), (28) and (32), it follows,

() + 25 () = —{Aufgi () + g (O] + Ta}Au, Xl <a

gr(x)+ g5 (x) = —{Au[(gf (x) + g ()] + T4}/ Asa + Dy/Ass  a<|x|<c (40)
The solution of Eq. (40) is
2u(2) = { — Augr () + Taf ((2) }/ Aaa + D;go(2)/ Aaa (41)

where
g1 z
f2)= §|:m - 1]

z Ner—a? 4

a ,/ZZ_C2
T - (42)
z2 B

(z) = Hr_ l10 : arccos( &
g0 o s 2 g z 4/22 — CZ C ’

2i

—— l

a J2_o2

It can be easily proved that the function go(z) is holomorphic in whole z plane outside the cut (—c, ¢).
The complex function go(z) has the following behaviors,

() +g(x)=0, |x|<a

g(xX)+g(x)=1, a<l|x|[<c (43)

The function go(z) vanishes at infinite. The function logé¥ is calculated according to Fig. 2.

=i
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o=t — l0g™ + i(0y — 01) (44)
{—i I
where r; and r, are the amplitudes of the complex variables { + i and { — i, respectively. 0; and 0, are
the inclined angles of the complex variables { + i and { — i with respect to the negative imaginary axis.
Eqgs. (38) and (41) provide the complete solution of g(z).

In order to evaluate the size of the strip electric saturation zone ahead of the crack tip, let us consider
the traction ahead of the electric saturation zone. We have

t(x) = {021, 022, 023, D2} = Bf ' T(x) + Bf ~(x) = Ag*(x) + Ag " (x), |x| > ¢ (45)
Dy = Age(gf (%) + g7 (¥)) + Aaa(g7 (¥) + 4 ()

= 2Tuf (%) + Dy(gg (x) + g5 (v))

X
St
a X 2| =n a x2_ 2
=D — =D. s — D% D12 _ 4
(2 - sarccos<c>> = 5 + 5217 2logx [ |x| > ¢ (46)
- — i
a XZ_CZ

Since the electric displacement D, is finite, the coefficient of the singular term Jx;——cf must vanish.
Hence we get '

a_ cos(ano) (47)
c

This result is completely similar with the Dugdale model. Thus, we have

i

(=i

Fig. 2. Calculation scheme of complex function log
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X cz—a2+,
—_—. —— l
2 s a /\/xz—cz
Dy =—-Dy{ - — =1 — DY
2 =7 2 Zng o . 2
4 Sz |

2 T 1
:EDS{E_E(GZ_QI)} -DF, x>¢y=0

The total electric displacement (D3);o 18

b i
(D2)t0ta1: _DSarCtarl(E ’ ‘ - )9 x>c¢y=0
Y a

—_— 48

— (48)
Now we consider the stress field ahead of the crack tip. From Egs. (25), (29) and (38), it follows

tx)=h"(x)+h " (x) (49)

(%) = Awe(gE () + g () + Aus(gd (x) + g5 (¥))

= A& () + g () + A DE( H) 417 7(0) + Dyl () + g5 ()] |/ Aas

= 2T7f((x) + Au{Ds — DI}/ Aug

:Ti\/ﬁ_Ti+Al4DS/A44a a< x<c¢ (50)
The total traction is

x
(o= (020 o= 171 —7—=—= + AuDs/Ags, a<x<c (51)

%2 — 42

Obviously, this traction field can be characterized by the stress intensity factors:

A
Ky = /na| o35 — iDgo
a4

Y|
K = «/na(ag‘z’ - A—f:Dgo)

A
Km = vna(oﬁ - A_i:Dgo> (52)
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3.2. Crack perpendicular to the poling axis

Fig. 1 shows a finite crack perpendicular to the poling axis. The matrix H has the following structure

2
— 0 0 0
Cr
2 2
0 o 0 -
H= roe (53)
0 0 — 0
Cy
2 2
0 - 0 ——
L e &
The elements can be calculated numerically.
The matrix A is
e _
— 0 0 0
2
A= Po c Po (54)
0 0 4 0
2
o SCre o _ &
L 2pge 2po |
where
Cre
po=1+ (55)
Substituting above equation into Eq. (52), it follows
KII = «/TECZO'TS
00 Cr 00
Ky = «/ma| 05, + 7D2
Km = v/mac%y (56)
For our situation, the infinite plate only subjects to 6535, 055, D{°, D3° loading, hence we have
Ki=Kn=0
00 Cr 00
Ky = /nal o35 + 7D2 (57)

Since the electric displacements are finite and the stress components have the singularity ahead of the
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crack tip. Hence, use of the following local fracture criterion is reasonable.
Ki = Ky (58)

Thus we obtain

c
(6%5),= 010 — D5 (59)

(60)

Eq. (59) indicates that the critical failure stress is decreased linearly with applied electric field for a crack
perpendicular to the poling axis. This result is consistent with the experiment result by Park and Sun
(1995) and the result given by Gao et al. (1997).

3.3. Crack parallel to poling axis

Fig. 3 shows a finite crack parallel to the poling axis. Matrices H and A are

2 2
— 0 0 _
CT e
2
0 o 0 0
H= o 5 (61)
0 0 — 0
Cy
2 2
z 0 0 _Z
L e &

(.

—> oy DY
—>

y7 X1

X, X(pole)

Fig. 3. A crack parallel to the poling axis.



T.C. Wang | International Journal of Solids and Structures 37 (2000) 6031-6049 6041

Croy o Crel
2py 2pg e
0 % 0 0
A= c (62)
A
0 0 = 0
Cre o o _&
| 2pg e 2po |

where p, =1+ % Thus, we obtain

C
Ky = «/ﬁa(ﬂ?g + 7TD§°)

K; = y/nacy;
KH] =« TLCZO’;? (63)

This result clearly shows that the applied electric field D{® has no effect on the stress intensity factors.
The applied electric field D$°, only has the contribution to the stress intensity factor Kj. If the infinite
plate only subjects to the remote loadings o535, D{°, we obtain

KII = KIII = 0, KI = O'gg A/ Ta (64)

00 KIc
(022)f= \/—;ﬁ

Hence the failure stress (655); is not effected by the applied electric field D{°.

(65)

4. Analysis of fracture stress of piezoelectric ceramics with sharp notch

The fracture tests for piezoelectric ceramics PZT-4 were performed by Park and Sun (1995). Fig. 4
shows the dimensions of their compact tension specimen. The poling direction was along the axis of 19.1
mm dimension. A notch of length 10.5 mm was introduced by cutting with a 0.46 mm thick diamond
wheel perpendicular to the poling direction. Then the notch was further sharpened by a sharp razor
blade with diamond abrasive. Hence, each peace of the compact tension specimens contains a sharp
notch not a sharp crack. But the analyses given in Sections 2 and 3 are only suitable for the sharp
crack. In order to analyse the experimental results by Park and Sun (1995) it is necessary to evaluate the
stress fields ahead of the tip of a sharp notch. A program now is carried on for determining the stress
fields ahead of the notch tip in real geometry of the compact tension specimens of piezoelectric ceramics
PZT-4 by means of finite element method. Here, we only discuss an approximate analysis. Fig. 5 shows
a centred sharp notch in an infinite piezoelectric ceramics. The half of the centred sharp notch has the
same dimension and geometry as that of the sharp notch in the compact tension specimen. If the sharp
notch is treated as a sharp crack, the stress intensity factors and the electric displacement intensity
factors can be calculated based on finite element method. Table 1 shows the calculation results for the
compact tension specimens of the piezoelectric ceramics PZT-4 given by one referce. From Table 1, one
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4.6
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9.55 @f

Fig. 4. A compact tension specimen of piezoelectric ceramics.

Dimension:mm

can get following formulae for the stress intensity factor K; and the electric displacement intensity factor
KDZ

K(II)P K(I2)E
4

K=
! Py Ey
K(I)P K(Z)E
Kp=—-2—4-2 (66)

Py Ey

where Py =94.0 N, Ey=1.0 MV/m, K" =0.81 MN/m*?, K’ =0.0406 MN/m*?, K') =2.0 x 10~*
C/m*? and K'Y = 14.4 x 10~* C/m3?.

The following equivalent principal is introduced in the present analysis: the crack initiation and
propagation from the tip of the sharp notch in the infinite piezoelectric ceramics will occur, if this sharp
notch is treated as a sharp crack and subjected to the same stress intensity factors and electric
displacement intensity factors as that of the compact tension specimen. The stress intensity factors and
electric displacement intensity factors for a centred crack in an infinite piezoelectric ceramics are given
by

N

Xe

X,

2a=23.0

Dimension:mm

Fig. 5. A centred sharp notch in an infinite piezoelectric ceramics.
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Ky = V/rachs
K; = /mass;

00
Klll = A/TA0 3

Kp = /maD¥® (67)

Since the stress intensity factors Kj and Ky equal to zero for the compact specimens, hence we have
005 = 055 = 0. The remote stress ¢35 and the remote electric displacement DS° applied on the infinite
piezoelectric ceramics with a centred crack can be expressed as follows

00 Ky
=
Kp
Dc2>o = ﬁ (68)

Now the same remote stress ¢55 and the remote electric displacement D3° apply on the infinite
piezoelectric ceramics with a centred sharp notch. In order to get an analytical solution, the original
centred sharp notch is approximately treated as an elliptic notch with the same length and the same
curvature at the sharp tip of the notch as that of the original centred sharp notch. Let us discuss the
fracture problem of the infinite piezoelectric ceramics with a sharp elliptic notch and analyse the effect
of the remote electric displacement field on the fracture stress. Following the work by Chung and Ting
(1996) the maximum stress (022),,,, at the sharp tip of an elliptic notch can be expressed as:

(022)ox= F10% + FpD5’ (69)

where the coefficient F; is the stress concentrate factor and the coefficient Fp represents the effect factor
of the remote electric displacement D> on the stress (022)n,- Lhe detail formulas for determining the
coefficients F; and Fp are given in Appendix A. The critical maximum stress criterion is adopted in the
present analysis. Hence the fracture stress (655); is given by

of — FDDOO
(R)=—F (70)

where o is the fracture strength of the piezoelectric material.

Table 1

The stress intensity factor and the electric displacement intensity factor for compact specimen of PZT-4

No. E (MV/m) P (N) K; (MN/M*/2) Kp(107*C/m>?)
1 —0.52 126.0 1.05 —4.80

2 —0.26 108.0 0.90 —1.45

3 0.0 94.0 0.81 2.00

4 0.26 78.9 0.70 5.41

5 0.52 71.4 0.65 9.00

6 1.06 68.1 0.63 16.7
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4 — Present results
1201 4 4  Test results(Park and Sun)
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Fig. 6. Comparison of the present calculation results with the experiment results.

For a given D$°, one can get the critical stress (655); from Eq. (70). Then the critical stress intensity
factor K; and the critical electric displacement intensity factor K, can be obtained from Eq. (67).
Substitute these results into the left-hand side of Eq. (66), one can get the critical load P and the critical
electric field strength E for the compact tension specimens based on the equivalent principal.

The calculated results are shown in Fig. 6 alone with the experiment results by Park and Sun (1995).
The material parameters and the dimensions of the sharp notch are taken from their work. The
curvature p at the sharp notch tip is chosen as 40 um and the corresponding fracture strength oy is
taken as 192 MPa.

It is worth noting that the present calculation results are consistent with the experimental results by
Park and Sun (1995) besides the data of £ > 1 MV/m. Since we do not know the exact value of the
curvature p. Hence the calculation is also carried out for the case of the curvature p = 10 pm and the
corresponding fracture strength o = 380 MPa. The calculation results are nearly identical with the
results for the case of p =40 pm. It means that the load P seems not sensitive to the curvature. But the
curvature has significant effect on the fracture strength of the piezoelectric ceramics.

5. Discussion

The fully anisotropic analysis presented in this paper confirms the analysis given by Gao et al. (1997)
which is based on a simplified electroelasticity formulation. The prediction of the strip electric saturation
model broadly agrees with experimental observations. Vicker indentation technique has been used for
producing cracking both perpendicular and parallel to the poling direction (Tobin and Pak, 1993; Virkar
et al., 1991; Lynch et al., 1995). It has been revealed that cracks perpendicular to the poling axis are
longer under a positive applied electric field and shorter under a negative applied electric field. It implies
that the former has a higher fracture resistance and the latter has a lower fracture resistance.

A parallel investigation is to consider the effects of electric domain switch. Ferroelectric ceramics
show strong nonlinearities at combined mechanical and electric loadings. The polarization switching
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may play an essential role in response to the complicated nonlinear phenomena. These phenomena have
been modelled by Yang and Suo (1994), Lynch et al. (1995) and Zhu and Yang (1997) among others. A
further study of the fully anisotropic analysis taking into account the effects of electric domain switching
is needed. The electric saturation zone is assumed to concentrate on a line segment in front of the crack
tip in this paper. A more realistic electric saturation model combining with electric domain switching is
more interesting for a through understanding of fracture behaviors of ferroelectric ceramics.
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Appendix A

An ellipse I' with semi-axes a and b in the physical plane can be transformed into the unit circle in
the mapping plane { by following mapping function

z:w(g):R(u%) (A1)

where R = (a + b)/2, m = (a — b)/(a + b).
Consider the transformation

ZK = CKCK + 21_]( (K = 19 29 37 4) (Az)
K

where cx and dkx are complex constants and zx = x1 + pky,. The constants cx and dkx are chosen such
that when z on I', { is on the unit circle of the { plane. Hence, we have

— ipkb ipkb
PEELL LR LT (A3)

Follow Chung and Ting (1996) the generalized displacement u and the generalized stress function @
outside the I' can be expressed as

U= {u. o} = Af.(z) + AT o) (Ada)
@ = {Dk, K=1,2,3,4} = Bf ,(z+) + Bf () (A4b)
where
[o(@) = {1(z1). 2(22), f3(23), fa(za) } (A5)

Introduce a new transformation
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Gmad+ P (K=1234 (A6)

All z3, depends on a single variable (.
Define a new function F({)

F(Q) = {Fx()), K=1,2,3,4} (A7a)
o dk
Fx() = fx(zx) = fx| cxl + T (A7b)
Then the generalized displacement u and the generalized stress function @ on I' can be expressed as
U=AF()+AF(Q) (A8a)
® = BF(() + BF(0) (A8b)

Inside the notch, the stress fields vanish and the electric fields and the electric displacement fields are
uniform. Hence we have

u’ = xly(l) + xzyg, ?’ = xltg — xzt? (A9a)
where

=000 28, — BN 98 = v 2%, — ES} (A10)
and

0 ={0,0,0,0%, £=1{0,0,0,D}} (A11)

in which DY = ¢ EY and D) = g E?Y, ¢ is the dielectric constant of the air. Eq. (9) can be written as
0 _ 0 Ol
u’ = 2Re(¥z>, ?’ = 2Re< 2 _;l Lz (A12)

The continuity of the generalized displacement u and the generalized stress function @ on I' can be
expressed as

U=AF()+AF({) = 2Re<”?_2—"”gz> (A13a)

& =BF(()+BF() = 2Re(t(2) J; it?z) (A13b)

The solution of Eq. (A13b) is

1 1
BF = Rﬁoﬁohz +I'{+ Fzz, Lo+ (Al4)
where I't = BCq and I'» = —TI'y, ¢ is an unknown column vector, needed to be determined and C is a

matrix
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C = diag{Cy, C,, C3, C4} (Al5a)
and I4 is a column vector
1,=1{0,0,0,1} (A15b)
Substitute Eq. (A14) into Eq. (A13a), one obtains

AB'Lieofy — a0 = (AB~T — AB~')BCq/R (A16a)
in which
0_ =0 0, 0
PO e Y § Sk b (Al6b)
2 2
and
EV—iE"  EV4iE®
Bo = 22’ L L m 221 1 (A16¢)

In the infinity, the function fx(zx) approaches to
Jk(Zx) = qkzk = qr(X1 + pgx2) (A17)
In the infinity, we have

fi(z:) = qx1 + Pgx> (A18a)

® = 2Re{Bf ,(z+)} = 2Re|B(qx1 + Pqx2)} (A18b)
where P is the matrix

P = diag{p1, p2, 3, pa} (A18¢)
From Eq. (A18), it follows

Bq +Bq =1 (A19a)

BPq + BPq = —t° (A19b)

t3° and £5° are the remote generalized tractions. One can easily obtained the column vector ¢ from Eq.
(19) for any given #{° and £5°.
Using Eq. (14), the function Fx({) can be expressed as

1 1
Fx(0) =f1<<CKC + dKZ) =Ex(+ nKZ (A20)
where
E={&.6. 8.4} =Cq (A21a)

n= {11 N N3> N} = B~ {Reofols + I'2} (A21b)
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The variable { can be expressed in term of zj

2
_ Zx g —dekdk

{ = (A22)
2()1(
Hence the function fx(z%) can be written as
. /22 — dexd, 7% — /22 —4exd
Ji(ek) = ek e (A23)
261{ 2dK
and
de(ZK) _ 1 f ZK+\/ZIZ{—4CKdK_7’ ZK—\/ZI%—4CKCIK (A24)
dzg Vzp — degdy K 2ck K 2dk
when { =1
dfk(zk) 1 4 ia/pxb 1 —ia/pxb
J g - T TIPRY s A25
dZK éK 2CK + ;/IK 2d[( ( )
The maximum stress (622),.x O the tip of the sharp elliptic notch can be determined by
6m). = 2Re i:BKf’z — Re 24:3 T T A (A26)
( 22)max_ £ 2 K( K) - £ 2K Cx dx CK dx pr
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